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Abstract: Simulation with position-based dynamics is very popular due to its high efficiency. 11 

However, it has the weaknesses of lacking details when too few vertices are involved in simula- 12 

tion and inefficiency when too many vertices are used for simulation. To tackle this problem, in 13 

this paper we propose a new method of reconstructing dynamic 3D models with small data. The 14 

core elements of the proposed approach are a curve-represented geometric model and a physics- 15 

based mathematical model defined by dynamic partial differential equations. We first use the 16 

simulation method of position based dynamics to generate a group of keyframe poses, which are 17 

used to create deformation animation of a 3D model. Then, wireframe curves are extracted from 18 

skin deformation shapes of the 3D model at different keyframe poses. A physics-based mathemat- 19 

ical model defined by dynamic partial differential equations is proposed. Its closed-form solution 20 

is obtained to represent the extracted curves, which are used to reconstruct the deformation mod- 21 

els at different keyframe poses. Experimental examples and comparisons made in this paper indi- 22 

cate that the proposed method of reconstructing dynamic 3D models can greatly reduce data size 23 

while keeping good details. 24 

Keywords: reconstruction, dynamic 3D models, position-based dynamics, dynamic partial differ- 25 

ential equation, closed-form solution 26 

 27 

1. Introduction 28 

 With the fast development of the game industry, the demand for a high degree of 29 

accuracy in the game scenes leads to the increasing requirement of quickly animating 30 

more detailed 3D models. In order to create efficient and realistic shape changes, various 31 

shape deformation methods have been proposed, which could be roughly divided into 32 

geometric, data-driven, and physics-based. 33 

 Geometric methods [1-5] are most efficient but less capable of generating realistic 34 

shape deformation since they do not consider any physics of shape changes. Data- 35 

driven techniques [6-10] use known example models to create new deformation results. 36 

This type of method can generate highly realistic deformation results with sufficient 37 

high-quality examples. Similar to geometric methods, data-driven methods also do not 38 

take the physics of shape changes into account. Therefore, they require enough shape 39 

examples to achieve authenticity. Generating enough shape examples is a main weak- 40 

ness of data-driven methods. How to reduce the number of example shapes without 41 

losing realism is a primary issue of data-driven methods. In contrast, physics-based ap- 42 

proaches [11-14] consider the underlying physics of object movements and deformations 43 

to create more realistic deformations. Unfortunately, physics-based approaches rely on 44 
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heavy numerical calculations and are not ideal in many applications requiring high 45 

computing performance. 46 

 To achieve the balance between efficiency and realism, position based dynamics 47 

(PBD) [15-17] is introduced. With a relatively high deformation performance, PBD tack- 48 

les the problem of numerical calculation of physics-based techniques. Its high simulation 49 

performance makes PBD-based methods popular in computer games and interactive 50 

applications. However, the simulation with PBD is based on discrete vertices of polygon 51 

models and influenced by the number of vertices involved in the simulation. When too 52 

few vertices are involved in the simulation, the results are not detailed, causing less real- 53 

istic deformations. On the contrary, too many vertices involved in the simulation cause a 54 

significant reduction in the calculation efficiency.  55 

As shown in Figure 1, the dog model in (a) with 502 vertices and 1,000 faces is very 56 

rough with no details. The corresponding dog models become more detailed as the ver- 57 

tices and faces increase further from (a) to (d).      58 

               59 

(a)                                                                                (b) 60 

                61 

(c)                                                                               (d) 62 

Figure 1. Dog model with different vertices and faces. (a) 502 vertices and 1,000 faces, (b) 2,002 vertices and 4,000 faces, (c) 63 

10,002 vertices and 20,000 faces, (d) 49,714 vertices and 99,424 faces. 64 

 65 

 Table 1 shows how different faces of a same polygon model affect the CPU time of 66 

PBD simulations. In order to carry out PBD simulations, a polygon surface model must 67 

be first converted into a corresponding tetrahedron model, which is used in keyframes to 68 

compute its deformation results by the PBD software library [18]. In Table 1, we listed the 69 

face number of an original dog model in the first column and the face number of corre- 70 

sponding tetrahedron model in the first row. In order to achieve different simulation ac- 71 

curacies, the converted tetrahedron model can have different resolutions, i. e., different 72 

face numbers. In this paper, we only consider the cases where the face number of the 73 
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converted tetrahedron model is not more than the face number of the original model. 74 

Since new positions of model vertices are determined by collision and deformation of the 75 

corresponding tetrahedron model, different combinations of original and tetrahedron 76 

models will cause different results and time consumption. When the polygon dog model 77 

and its tetrahedron version have 1,000 faces, the simulation takes 3.15 seconds to com- 78 

plete. As the faces of the polygon dog model and its tetrahedron version increase, the 79 

computational time quickly increases. When the faces of the polygon dog model and its 80 

tetrahedron version increase to 100,000, the simulation time increases to 243.43 seconds.   81 

 82 

Table 1. Computational time (CPU) of position-based simulation for a dog model with different faces 83 

 84 

Model\TET 100000 20000 4000 1000 

100000 243.43s 76.74s 12.15s 3.51s 

20000 / 75.32s 13.19s 3.34s 

4000 / / 12.62s 3.25s 

1000 / / / 3.15s 

 85 

The above discussions indicate that discrete representations of 3D models cause the 86 

problem of either poor details or low computational efficiency. How to further improve 87 

PBD to achieve both good details and high computational efficiency is an unsolved top- 88 

ic.  89 

Continuous representations of 3D models can noticeably reduce design variables of 90 

discrete representations. Introducing continuous representations would tackle the above 91 

problem. There are several methods to reconstruct discrete 3D models with continuous 92 

representations. These reconstruction methods include using patch-based modelling ap- 93 

proaches such as Bézier, B-spline, Non-Uniform Rational B-Splines (NURBS), ordinary 94 

differential equation (ODE), and partial differential equation (PDE). Among them, Bé- 95 

zier, B-spline, and NURBS based reconstruction has been developed in [19-22]. 96 

ODE-based modelling [23-25] uses the solution to a vector-valued ODE to create a 97 

3D curve, and then sweeps the 3D curve along two boundary curves subject to continu- 98 

ous requirements to create 3D models. Since the solution to ODEs may involve compli- 99 

cated mathematical functions such as sine and cosine functions and/or their combina- 100 

tions with other mathematical functions, a single ODE patch has the potential to create a 101 

more complicated shape than polygon modelling and a single Bézier, B-spline, and 102 

NURBS patch with the same number of design variables. A simple example is given by 103 

the different mathematical representation of a circle. When using sine and cosine func- 104 

tions to represent the circle, only one design variable, i. e., the radius of the circle, is in- 105 

volved. Clearly, polygon modelling, Bézier, B-spline, and NURBS cannot use one design 106 

variable to create the circle.  107 

Similar to ODE-based modelling, PDE-based modelling [26-30] uses the solution to 108 

a vector-valued PDE subjected to boundary constraints to create 3D models. It was re- 109 

ported in [31] that for an original femur polygon mesh with a size of 3.2MB, the NURBS 110 

approximation reduces the size to 0.55 MB, and the analytical PDE approximation re- 111 

duces the size to 0.26 MB, indicating analytical PDE-based modelling can significantly 112 

reduce design variables in comparison with polygon modelling and other patch-based 113 

modelling techniques.  114 

PDE-based modelling without considering the effects of acceleration and velocity is 115 

called static PDE-based modelling. It has been well investigated. For objects in motion, 116 

the effects of acceleration and velocity are considered in physics-based modelling. When 117 

PDE-based modelling is used to deal with these situations, the effects of acceleration and 118 

velocity are involved in PDEs, and the corresponding PDE-based modelling is called 119 

dynamic PDE-based modelling. Although much work has investigated PDE-based mod- 120 

elling, few of them are about dynamic PDE-based modelling. We have not found any 121 

work, which integrates dynamic PDEs with PBD to reconstruct dynamic 3D models ob- 122 
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tained from PBD simulations. Apart from the advantage of the dynamic PDE-based 123 

modelling in reducing the number of design variables, 3D models reconstructed from 124 

dynamic PDE-based modelling is time-dependent. By setting the time variable involved 125 

in mathematical expressions defining dynamic 3D models to different values, some 126 

keyframes simulated by PBD can be replaced by those generated with the corresponding 127 

dynamic PDE-based modelling. In doing so, some PBD simulation calculations can be 128 

avoided, and PBD simulation efficiency can be improved. 129 

Motivated by the above discussions, this paper will combine the fourth-order ordi- 130 

nary differential equation, describing bending deformations of elastic beams, with New- 131 

ton’s second law of motion, which describes the underlying physics of object move- 132 

ments, to achieve physics-based dynamic simulation while avoiding heavy numerical 133 

calculations of physics-based simulations.  134 

The remaining parts of this paper will be organised as follows. Related work will 135 

be reviewed in Section 2. Deformation simulation with PBD will be introduced in Sec- 136 

tion 3. The mathematical model and its closed-form solution will be investigated in Sec- 137 

tion 4. Experimental examples and comparisons will be made in Section 5. Conclusions 138 

and future work will be discussed in Section 6. 139 

2. Related Work 140 

The work carried out in this paper is related to shape deformations and parametric 141 

surface-based 3D reconstruction, and continuous ODE and PDE based modelling.  In 142 

this section, we briefly review the existing work in these areas.  143 

2.1. Shape deformations 144 

Shape deformations can be achieved through manual creation or automatic genera- 145 

tion. The aim of this paper is to integrate PBD and PDE, and PBD automatically gener- 146 

ates shape deformations. Therefore, in this subsection, we review automatic shape de- 147 

formation generation methods, which can be divided into geometric, data-driven and 148 

physics-based ones.   149 

Geometric shape deformations relate skin shape changes to the underlying skele- 150 

ton movements. Among various geometric shape deformation methods, Linear Blend 151 

Skinning [1] is most popular due to its efficiency and simplicity. Unfortunately, it has 152 

the artefacts of collapsing joints and candy-wrapper effects etc. In order to overcome 153 

these artefacts, Dual Quaternion blending [2] was proposed. Although it eliminates the 154 

artefacts of collapsing joints and candy-wrapper effects, it causes a new problem called 155 

joint-bulging artefact. The Delta Mush algorithm [3] treats skinning as a problem of 156 

smoothing the low-frequency geometry while preserving detail to avoid manual weight 157 

painting, which is required in existing geometric skinning methods. Since the Delta 158 

Mush algorithm involves heavy iterative calculations, the Direct Delta Mush algorithm 159 

[4] was proposed to improve the efficiency and control of the Delta Mush algorithm at 160 

the cost of high storage requirements. In order to tackle this problem, a compression 161 

method was introduced into the Direct Delta Mush algorithm in [5] to reduce its storage 162 

and run-time computing costs. 163 

Geometric shape deformation methods are simple, efficient, easily controllable and 164 

suitable the applications requiring high performance. However, they are less capable of 165 

creating realistic shape changes.  166 

Data-driven shape deformations are proposed to improve the realism of shape 167 

changes. They treat the problem as a general data regression that learns the relationship 168 

between shape changes and skeleton movements from example shapes. Pose Space De- 169 

formation (PSD) [6] improves shape interpolation by representing shape changes as 170 

mappings from a pose space defined by a skeleton or a more abstract system of parame- 171 

ters to displacements. PSD requires a large amount of memory and is not suitable for use 172 

in interactive systems. This problem was tackled in [7] by fitting the parameters of a de- 173 
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formation model to best approximate the example data. The method proposed in [8] au- 174 

tomatically extracts linear blending skinning by learning from a set of example poses. In 175 

recent years, machine learning has been introduced into data-driven methods. In [9], 176 

mesh deformations were split into linear and non-linear ones. The transformations of the 177 

skeleton underlying the mesh were used to determine the linear deformations, and deep 178 

learning was used to approximate remaining non-linear deformations. RigNet [10] pre- 179 

dicted a skeleton to match an input 3D articulated character model and estimated sur- 180 

face skin weights by learning example data in a dataset.  181 

Data-driven methods can create realistic shape changes when example shapes are 182 

sufficient and high-quality example shapes are obtained. The main weakness of data- 183 

driven methods is the preparation of many high-quality example shapes.   184 

Physics-based shape deformations are introduced to tackle the problem of geomet- 185 

ric methods in creating less realistic shapes and address the weakness of data-driven 186 

methods in requiring enough high-quality example shapes. Various physics-based shape 187 

deformation models have been developed as reviewed in [11]. Among these models, the 188 

three most important physics-based deformable models are mass-spring systems, the fi- 189 

nite element method (FEM) and finite volume method. In [12], a mass-spring system of a 190 

facial muscle model was developed. For the simulation of elastic and elastoplastic frac- 191 

turing materials, FEM is more effective and can generate more realistic results [13]. The 192 

finite volume method [14] employs a divergence-free vector field, representing solid 193 

shape deformations without self-interactions and features losing.  194 

Due to consideration of underlying physics, physics-based methods can create 195 

more realistic shape changes than geometric methods. However, due to the expensive 196 

cost involved in numerical calculations of physics-based methods, various physics-based 197 

approaches are mainly applied in movies and other applications requiring good realism. 198 

Since computer games require both high efficiency and good realism, physics-based 199 

methods are not ideal for computer games. 200 

Position-based dynamics makes a good compromise between realism and efficien- 201 

cy. It is initially proposed for solid simulation, like cloth simulation [15]. Since bending 202 

constraints are determined by the dihedral angle rather than edge lengths, they and 203 

stretching constraints are separated into two independent parameters. Müller et al. have 204 

used this method to generate robust cloth simulation with high controllability. Macklin 205 

et al. have presented an alternative approach to simulate fluids in the PBD framework 206 

[16] by modelling the fluids as a particle system. Each particle is constrained by a mini- 207 

mum distance from others. Compared with force-based fluids simulation, the method of 208 

position-based fluids uses a larger time step with a comparable result, which significant- 209 

ly reduces the computation cost. Besides the particle-based models, the position-based 210 

method has also been applied in rigid body simulation by solving constraints between 211 

rigid bodies [17].  212 

This paper will take advantage of position-based dynamics in making a good com- 213 

promise between realism and efficiency but tackle its weakness causing by discrete rep- 214 

resentations. Our approach is to obtain detailed deformation shapes at few keyframes 215 

with position-based dynamics, use our proposed dynamic reconstruction to convert the 216 

discrete representations of the detailed deformation shapes into continuous representa- 217 

tions, and create more deformation shapes with the same details from the continuous 218 

representations to reduce the number of design variables and raise simulation efficiency 219 

of position-base dynamics. 220 

2.2. Parametric surfaces-based reconstruction   221 

In existing research studies, polygonal, implicit, and parametric surfaces have been 222 

used in 3D reconstruction. Here we review existing works on parametric surfaces-based 223 

reconstruction techniques, including Bézier, B-spline, NURBS surfaces, which can be 224 

more easily represented with analytical mathematical expressions.  225 
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Bézier surfaces were used to reconstruct the 3D model of a broken blade in [19]. 226 

The basic algorithm and problems of Bézier and B-splines curves were introduced in [20, 227 

21]. Bézier surfaces have the weakness that they cannot be modified locally, and local 228 

modification of control points will affect the shape of the whole Bézier surfaces. Besides, 229 

the polynomial order of Bézier surfaces is related to the number of vertices, which is not 230 

flexible to manipulate the whole surface and as larger vertices number leads to higher 231 

polynomial order, the polygon control over the shape of the curve will be significantly 232 

weakened. Hence, to overcomes the weakness of Bezier surface technique, B-splines sur- 233 

face method was developed to provide local modification of the surface. In addition, B- 234 

splines have the advantages that the polynomial degree of a B-spline can be independent 235 

of the number of control points. When the degree is lower, the B-spline curve follows the 236 

control polyline more closely.  237 

However, Both Bézier and B-splines have some limitations such as the incapability 238 

in accurately representing conics and complicated shapes, whilst NURBS do not have 239 

these limitations, introduced in [21, 22]. They have become an industry standard and 240 

been included in various geometric modelling and computer graphics software packages 241 

due to their generality, same excellent properties as B-splines and incorporation in inter- 242 

national standards. 243 

Bézier, B-spline and NURBS functions are constructed using polynomials. In con- 244 

trast, the solutions to ODEs and PDEs may contain complicated mathematical functions, 245 

which will be introduced in Section 2.3.  Due to this reason, a single Bézier, B-spline and 246 

NURBS patch may not be as capable as a single ODE or PDE patch in creating a compli- 247 

cated shape.  248 

2.3. ODE and PDE based modelling   249 

Since ODEs and PDEs are widely used in science and engineering to describe un- 250 

derlying physics, ODE and PDE based geometric modelling is physics-based. Like Bézier, 251 

B-spline, and NURBS surfaces, which have been used in 3D reconstruction, ODE and 252 

PDE surfaces can also be used in 3D reconstruction. Here we briefly review some work in 253 

ODE and PDE based modelling. 254 

ODE-based modelling sweeps a curve defined by the solution to a vector-valued 255 

ODE along two boundary curves subject to continuity constraints on boundary curves to 256 

create an ODE surface. Various ODE-based modelling methods have been developed. 257 

For example, ODE-based sweeping surfaces were proposed in [23], ODE-based surface 258 

blending was investigated in [24], and ODE-based skin deformations were discussed in 259 

[25]. Since solving an ODE is easier than solving a PDE, ODE-based modelling is easier 260 

than PDE-based modelling. One weakness of ODE-based modelling is the difficulty of 261 

manipulating ODE sweeping surfaces since the manipulation is carried out on curves.  262 

PDE-based modelling uses the solution to a vector-valued PDE subject to given 263 

boundary constraints to define a PDE surface. PDE-based modelling has received a lot of 264 

research attention. Here we briefly review some work on PDE-based modelling using 265 

continuous PDE surfaces defined with analytical solutions to PDEs. PDE-based model- 266 

ling of free form surfaces was pioneered in [26], where a vector-valued fourth-order PDE 267 

with one shape control parameter was used. Then it was used to develop the technique 268 

of interactive design [27] and achieve PDE surface-based reconstruction [28]. The current 269 

state in PDE-based modelling is analytical PDE-based skin deformation [29] and real- 270 

time PDE surface manipulation [30].    271 

Although there has been much work on PDE-based modelling using continuous 272 

PDE surfaces and PDE surface-based reconstruction has also been investigated, few re- 273 

search studies investigate dynamic PDE-based modelling. To the best of our knowledge, 274 

we are unaware of any work that integrates dynamic PDE-based modelling and PBD 275 

simulation to reconstruct dynamic 3D models.  276 

In this paper, a physics-based dynamic model represented with PDE will be de- 277 

veloped from the governing equation for bending deformations of elastic beams and 278 
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Newton’s second law for object motion. The separation of variables will be used to trans- 279 

form a PDE into two ODEs. The closed-form solutions to the two ODEs will be obtained 280 

to achieve the dynamic reconstruction of deformed 3D models at different keyframes. 281 

3. Deformation Simulation with Position Based Dynamics 282 

Position based dynamics (PBD) methods were developed for specific use in interac- 283 

tive environments. Unlike the traditional simulation methods for dynamic scenes using 284 

the force to represent the momentum change and calculate the position of each vertex, 285 

position-based approaches directly focus on the position alteration, omitting the velocity 286 

and acceleration. Compared with force-driven techniques, PBD has advantages of sim- 287 

plicity, efficiency and robustness [32]. Due to these advantages, they have become very 288 

popular in computer graphics and the game industry in recent years. 289 

3.1. The Development of PBD 290 

Due to its high efficiency, position-based dynamics has been widely applied in the 291 

graphics field, including computer games recently. Müller et al. first introduced Position 292 

Based Dynamics as a generalised framework capable of solving a large variety of con- 293 

straints [15]. They demonstrated PBD applications on many types of deformable solids. 294 

Unlike the physics-based skin deformation methods, these methods use the solution of a 295 

quasi-static problem to calculate each timestep's position change directly. When using 296 

an explicit time integration scheme, it avoids the issues of force-based simulation models 297 

like overshooting. They are more appropriate when computing object interaction due to 298 

their versatility, robustness, controllability and efficiency.  299 

Nevertheless, as they do not satisfy underlying physics laws, position-based ap- 300 

proaches are only plausible in vision and have problems like the failure in converging to 301 

a particular solution. To speed up the convergence brought by the Gauss-Seidel type 302 

manner of the PBD solver in early work, a multi-grid based strategy was used to process 303 

general non-linear constraints [33], which makes the simulation process more suitable for 304 

interactive applications such as computer games. To obtain a more complex physical 305 

phenomenon, Bender et al. proposed a continuum-based formulation and regarded 306 

strain-energy as a constraint function for the PBD solver [34]. Besides, the previous PBD 307 

methods suffer from a longstanding problem: constraints can become arbitrarily stiff be- 308 

cause of the iteration count and time step. In order to address this problem, Macklin et al. 309 

introduced the XPBD method, which uses a new constraint formulation and the La- 310 

grange multiplier for solving constraints in a time step and iteration count independent 311 

manner [35]. A thorough overview of various PBD methods has been made in [32]. Vol- 312 

ume conservation among all collision constraints plays a significant role in the dynamic 313 

simulation of deformable bodies, especially for the simulation of tetrahedral meshes, like 314 

the horse model used in this paper where a constraint to conserve the volume of a single 315 

tetrahedron has to be considered. It has been addressed in [36, 37].    316 

3.2. PBD Algorithm Overview 317 

The overview of the PBD algorithm in [15] could be roughly considered as a loop 318 

with the following four steps for each timestep ∆𝑡: 319 

1. Get the initial attributes of vertices of the mesh, including the initial coordinates 𝑥0, 320 

velocity 𝑣0 and weight 𝑤 = 1/ 𝑚 (𝑚 denotes the mass of the vertex). 321 

2. Each vertex will update its velocity 𝑣 as well as its predicted position 𝑝 by the exter- 322 

nal force 𝒇𝑒𝑥𝑡  according to the following formula: 323 
𝑣 = 𝑣0 + ∆𝑡𝒇𝑒𝑥𝑡𝑤 324 

𝑝 = 𝑥0 + ∆𝑡𝑣 325 
3. After the predicted position 𝑝 has been gained, add constraints, including collisions, 326 

volume conservation, cloth balloons and so on. The position 𝑝 will be directly modi- 327 

fied to 𝑝′ with a group of iterations: 328 
𝑝′ = 𝑝𝑟𝑜𝑗𝑒𝑐𝑡𝐶𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠(𝐶1, . . , 𝐶𝑀, 𝑝1, … , 𝑝𝑁  ) 329 
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where 𝑀 stands for the number of constraints and 𝑁 denotes the solver iteration 330 

number. 331 

4. Finally, the position change ∆𝑝 = 𝑝′ − 𝑥0 will be reused to calculate the attributes 𝑣1 332 

and 𝑥1: 333 
𝑣1 = ∆𝑝 / ∆𝑡 334 

𝑥1 = 𝑝′ 335 
where 𝑥1 and 𝑣1 will be used as the initial information of the vertices in the loop of 336 

the next timestep. 337 

3.3. Our PBD Simulation Experiment 338 

The software library "PositionBasedDynamics" was developed from position based 339 

dynamics by Bender et al. for physically-based simulation of rigid bodies, deformable 340 

solids and fluids. It is available from the link given in [18]. In this subsection, we use it to 341 

obtain the PBD simulation results of deforming a horse model on an Intel i7 6700 CPU 342 

with a clock rate of 3.4 GHz for use in the following Section 5 by our proposed approach.    343 

After checking all examples in the package, we finally chose the SceneLoaderDemo 344 

as our simulation environment as it allows us to use custom models with plausible de- 345 

formation results. We first use tetGenerator to create the tetrahedral data of a curve- 346 

based horse model. Then, we input both the horse model and its corresponding tetrahe- 347 

dral files into the program to generate 100 sequential keyframes and obtain the defor- 348 

mation animation. 349 

 350 
Figure 2.  PBD deformation results of our horse model. From the first to the last pose, they are frame 1, 20, 30, 40, 50, 60, 70, 80, 351 
90, 100. The simulation results demonstrate that PBD has a high-quality visual deformation performance. 352 

 353 

Figure 2 shows the results of the PBD simulation. As could be seen, the neck part 354 

has been significantly deformed with torsion and stretching. In what follows, we will 355 

propose a PDE-based modelling algorithm to reduce design variables in Sections 4 and 5 356 

below. Besides, we will extend the functionality of the proposed PDE-based modelling 357 

algorithm in reducing design variables to the replacement of some PBD simulation cal- 358 

culations in our future work. With the improved algorithm, the computational time of 359 

PBD simulation will be shortened. 360 

4. Mathematical model and closed-form solution   361 

  In the field of geometric modelling and computer animation, physics-based meth- 362 

ods are developed to improve simulation realism. As stated in [38] and [39], physics- 363 
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based modelling has improved the realism of animated objects and physics-based mod- 364 

els provide realistic 3D geometry of the bones and muscles.  365 

Newton’s second law has been used to develop physics-based dynamic simulations 366 

for computer animation etc. in existing research studies. Although Newton’s second law 367 

actually applies only to particles [40], it was also used to describe shape changes of 3D 368 

models such as in [41, 42] to describe deformations of 3D facial models, in [43] to simu- 369 

late soft tissue deformation for virtual surgery applications, in [44] to describe dynamics 370 

of facial tissues, and in [45] to describe dynamic deformations of cloth motion. In this 371 

paper, Newton’s second law will also be introduced to develop a physics-based method. 372 

A surface can be generated by sweeping a curve. Like existing methods that use 373 

Newton’s second law to simulate surface deformations, Newton’s second law can be 374 

used to describe curve deformations. Newton’s second law only applies to particles. 375 

When discretizing a curve into points, each point is treated as a particle. When using 376 

Newton’s second law to simulate movements of these points, each of the points moves 377 

independently. This does not conform with the fact that the points defining a curve can- 378 

not move independently. Curve deformations are similar to beam deformations. There- 379 

fore, introducing the governing equation of beam deformations into Newton’s second 380 

law can tackle the problem that the points defining a curve move independently when 381 

simulating their movements with Newton’s second law only.  382 

For physics-based modelling, achieving good realism requires accurate models, 383 

which involves heavy numerical calculations leading to low efficiency. In order to obtain 384 

a good balance between realism and efficiency, simplified physics-based models are 385 

usually used in computer animation and computer games etc. For example, soft tissues 386 

are simplified as an isotropic and linear elastic material in [46] for finite element simula- 387 

tions of anatomy- and physics-based facial animation, although they have anisotropic, 388 

nonhomogeneous, and non-linear elastic mechanical behaviors. With the same treat- 389 

ment, we will simplify deformations of 3D models as isotropic and linear elastic and use 390 

Young’s modulus to describe their mechanical properties in this paper.  391 

Based on the above discussions, we integrate Newton’s second law of motion and 392 

the governing equation for bending deformations of elastic beams to develop a new 393 

mathematical model, obtain the closed-form solution of the mathematical model, and 394 

combine the closed-form solution with position-based dynamics to develop a dynamic 395 

reconstruction method for reconstructing dynamic 3D models with small data. 396 

As discussed above, Newton’s second law of motion has been applied in computer 397 

animation etc. to develop physics-based dynamic simulations [41]. It describes the rela- 398 

tionship between the product of the mass and acceleration of an object and the external 399 

forces acting on the object, i. e.,  400 
𝑚𝑎 = 𝑓 (1) 401 

When considering the bending deformation of an elastic beam, the governing equa- 402 

tion is [47]: 403 

𝐸𝐼
𝑑4𝑤

𝑑𝑥4
= 𝑓 (2) 404 

where 𝐸𝐼 denotes the flexural rigidity, 𝑤(𝑥) describes the deflection of the beam. 405 

Combining (1) and (2), we have : 406 

𝑚𝑎 = 𝐸𝐼
𝑑4𝑤

𝑑𝑥4
(3) 407 

As derived in Appendix A, the mathematical model for reconstructing dynamic 3D 408 

models can be obtained from Eq. (3) and has the following form 409 

𝑚
𝜕2𝑤

𝜕𝑡2
= 𝐷

𝜕4𝑤

𝜕𝑢4
           (𝑤 = 𝑥, 𝑦, 𝑧)                                                  (4) 410 

In order to solve the above PDE, we use the method of separation of variables [48] 411 

to solve Eq. (4). As derived in Appendix B, the closed-form solutions to Eq. (4) can be 412 

written as the following four forms. 413 
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  For the case 𝑐𝑤0 𝑚⁄ > 0 and 𝑐𝑤0 𝐷⁄ > 0:  414 
𝑤(𝑢, 𝑡) = 𝑐𝑤1𝑒𝑚𝑤0𝑡𝑒𝐷𝑤0𝑢 + 𝑐𝑤2𝑒𝑚𝑤0𝑡𝑒−𝐷𝑤0𝑢 + 𝑐𝑤3𝑒𝑚𝑤0𝑡𝑐𝑜𝑠𝐷𝑤0𝑢 + 𝑐𝑤4𝑒𝑚𝑤0𝑡𝑠𝑖𝑛𝐷𝑤0𝑢 415 

+ 𝑐𝑤5𝑒−𝑚𝑤0𝑡𝑒𝐷𝑤0𝑢 + 𝑐𝑤6𝑒−𝑚𝑤0𝑡𝑒−𝐷𝑤0𝑢 + 𝑐𝑤7𝑒−𝑚𝑤0𝑡𝑐𝑜𝑠𝐷𝑤0𝑢 416 

+ 𝑐𝑤8𝑒−𝑚𝑤0𝑡𝑠𝑖𝑛𝐷𝑤0𝑢 417 

(𝑤 = 𝑥, 𝑦, 𝑧)                                                           (5) 418 

For the case 𝑐𝑤0 𝑚⁄ > 0 and 𝑐𝑤0 𝐷⁄ < 0:  419 
𝑤(𝑢, 𝑡) = 𝑐𝑤1𝑒𝑚𝑤0𝑡𝑒𝐷𝑤1𝑢𝑐𝑜𝑠𝐷𝑤1𝑢 + 𝑐𝑤2𝑒𝑚𝑤0𝑡𝑒𝐷𝑤1𝑢𝑠𝑖𝑛𝐷𝑤1𝑢 + 𝑐𝑤3𝑒𝑚𝑤0𝑡𝑒−𝐷𝑤1𝑢𝑐𝑜𝑠𝐷𝑤1𝑢 420 

+ 𝑐𝑤4𝑒𝑚𝑤0𝑡𝑒−𝐷𝑤1𝑢𝑠𝑖𝑛𝐷𝑤1𝑢 + 𝑐𝑤5𝑒−𝑚𝑤0𝑡𝑒𝐷𝑤1𝑢𝑐𝑜𝑠𝐷𝑤1𝑢 421 

+ 𝑐𝑤6𝑒−𝑚𝑤0𝑡𝑒𝐷𝑤1𝑢𝑠𝑖𝑛𝐷𝑤1𝑢 + 𝑐𝑤7𝑒−𝑚𝑤0𝑡𝑒−𝐷𝑤1𝑢𝑐𝑜𝑠𝐷𝑤1𝑢 422 

+ 𝑐𝑤8𝑒−𝑚𝑤0𝑡𝑒−𝐷𝑤1𝑢𝑠𝑖𝑛𝐷𝑤1𝑢 423 

(𝑤 = 𝑥, 𝑦, 𝑧)       (6) 424 

For the case 𝑐𝑤0 𝑚⁄ < 0 and 𝑐𝑤0 𝐷⁄ > 0:  425 
𝑤(𝑢, 𝑡) = 𝑐𝑤1cos (𝑚𝑤0𝑡)𝑒𝐷𝑤0𝑢 + 𝑐𝑤2𝑐𝑜𝑠(𝑚𝑤0𝑡)𝑒−𝐷𝑤0𝑢 + 𝑐𝑤3𝑐𝑜𝑠(𝑚𝑤0𝑡)𝑐𝑜𝑠(𝐷𝑤0𝑢) 426 

+ 𝑐𝑤4cos (𝑚𝑤0𝑡)sin (𝐷𝑤0𝑢) + 𝑐𝑤5𝑠𝑖𝑛(𝑚𝑤0𝑡)𝑒𝐷𝑤0𝑢 + 𝑐𝑤6𝑠𝑖𝑛(𝑚𝑤0𝑡)𝑒−𝐷𝑤0𝑢 427 

+ 𝑐𝑤7sin (𝑚𝑤0𝑡)cos (𝐷𝑤0𝑢) + 𝑐𝑤8𝑠𝑖𝑛(𝑚𝑤0𝑡)𝑠𝑖𝑛(𝐷𝑤0𝑢) 428 

(𝑤 = 𝑥, 𝑦, 𝑧)     (7) 429 

For the case 𝑐𝑤0 𝑚⁄ < 0 and 𝑐𝑤0 𝐷⁄ < 0:  430 
𝑤(𝑢, 𝑡) = 𝑐𝑤1cos (𝑚𝑤0𝑡)𝑒𝐷𝑤1𝑢𝑐𝑜𝑠𝐷𝑤1𝑢 + 𝑐𝑤2𝑐𝑜𝑠(𝑚𝑤0𝑡)𝑒𝐷𝑤1𝑢𝑠𝑖𝑛𝐷𝑤1𝑢 431 

+ 𝑐𝑤3𝑐𝑜𝑠(𝑚𝑤0𝑡)𝑒−𝐷𝑤1𝑢𝑐𝑜𝑠𝐷𝑤1𝑢 + 𝑐𝑤4cos (𝑚𝑤0𝑡)𝑒−𝐷𝑤1𝑢sin (𝐷𝑤1𝑢) 432 

+ 𝑐𝑤5𝑠𝑖𝑛(𝑚𝑤0𝑡)𝑒𝐷𝑤1𝑢𝑐𝑜𝑠𝐷𝑤1𝑢 + 𝑐𝑤6𝑠𝑖𝑛(𝑚𝑤0𝑡)𝑒𝐷𝑤1𝑢𝑠𝑖𝑛𝐷𝑤1𝑢 433 

+ 𝑐𝑤7sin (𝑚𝑤0𝑡)𝑒−𝐷𝑤1𝑢cos (𝐷𝑤1𝑢) + 𝑐𝑤8𝑠𝑖𝑛(𝑚𝑤0𝑡)𝑒−𝐷𝑤1𝑢sin (𝐷𝑤1𝑢) 434 

(𝑤 = 𝑥, 𝑦, 𝑧)      (8) 435 

All the four equations (5)-(8) can be used to reconstruct dynamic 3D models. In or- 436 

der to reconstruct dynamic 3D models using one of the four equations (5)-(8), we first ex- 437 

tract curves from the 3D models at the undeformed position called the first keyframe (𝑗 = 438 

0), and different deformation positions called 𝑗𝑡ℎ (1 < 𝑗 ≤ 𝐽) keyframe. For each of the ex- 439 

tracted curves, we find the minimum values 𝑥𝑚𝑖𝑛, 𝑦𝑚𝑖𝑛, and 𝑧𝑚𝑖𝑛  and maximum values 440 

𝑥𝑚𝑎𝑥 , 𝑦𝑚𝑎𝑥 , and 𝑧𝑚𝑎𝑥  of the 𝑥, 𝑦, and 𝑧 components for all the 𝑁 + 1 points on the curve 441 

with the following equations: 442 
𝑤𝑚𝑖𝑛 = 𝑚𝑖𝑛{𝑤0

𝑤1 ⋯ 𝑤𝑁−1 𝑤𝑁} 443 

𝑤𝑚𝑎𝑥 = 𝑚𝑎𝑥{𝑤0
𝑤1 ⋯ 𝑤𝑁−1 𝑤𝑁} 444 

(𝑤 = 𝑥, 𝑦, 𝑧)                                                (9) 445 

Having obtained the minimum values 𝑥𝑚𝑖𝑛, 𝑦𝑚𝑖𝑛, and 𝑧𝑚𝑖𝑛  and maximum values 446 

𝑥𝑚𝑎𝑥 , 𝑦𝑚𝑎𝑥 , and 𝑧𝑚𝑎𝑥  of the 𝑥, 𝑦, and 𝑧 components for all the 𝑁 + 1 points on the curve, 447 

we use the following equation to obtain the parametric values of the 𝑛𝑡ℎ point on the 448 

curve. 449 

𝑢𝑛 =
𝑤𝑛 − 𝑤𝑚𝑖𝑛

𝑤𝑚𝑎𝑥 − 𝑤𝑚𝑖𝑛

 450 

(𝑤 = 𝑥, 𝑦, 𝑧; 𝑛 = 0, 1, 2, … , 𝑁)                                                  (10) 451 

When Eqs. (5)-(8) are used to reconstruct more than one curve, each curve to be re- 452 

constructed has its own parametric values of  𝑢𝑛 according to Eq. (10), which may be dif- 453 

ferent from each other. In Eqs. (5)-(8), 𝑢𝑛 must be the same value at the corresponding 454 

points of different curves to be reconstructed. In such a case, an average value of 𝑢𝑛 at 455 

the corresponding points of different curves is used in Eqs. (5)-(8).  456 

If we use one of the four equations (5)-(8) to reconstruct the dynamic models at 𝐽 457 

keyframes, the time variable 𝑡 takes the value 𝑡𝑗 = 𝑗 𝐽⁄  where 𝐽  is the total number of 458 

keyframes.   459 



Mathematics 2021, 9, x FOR PEER REVIEW 11 of 25 
 

11 

 

At the 𝑛𝑡ℎ point of the 𝑗𝑡ℎ keyframe, the position components of the point are 𝑤𝑗,𝑛 460 

obtained from the position-based dynamics. The position components calculated with 461 

one of Eqs. (5)-(8) are 𝑤(𝑢𝑛, 𝑡𝑗). If the dynamic models are accurately reconstructed, we 462 

have 𝑤(𝑢𝑛, 𝑡𝑗) = 𝑤𝑗,𝑛 . If the dynamic models are not accurately reconstructed, we 463 

minimise the squared error sum between 𝑤(𝑢𝑛, 𝑡𝑗) and 𝑤𝑗,𝑛 for all the 𝑁 + 1 points on 464 

the 𝐽 + 1  keyframes, i. e. minimise  465 

𝐸𝑤 = ∑ ∑[𝑤(𝑢𝑛, 𝑡𝑗) − 𝑤𝑗,𝑛]
2

𝑁

𝑛=0

𝐽

𝑗=0

 466 

(𝑤 = 𝑥, 𝑦, 𝑧)                                                                  (11) 467 

In what follows, we take Eq. (5) as an example to demonstrate how to reconstruct 468 

dynamic 3D models.  469 

Substituting Eq. (3) into Eq. (11), we obtain the squared error sum: 470 

𝐸𝑤 = ∑ ∑[𝑐𝑤1𝑒𝑚𝑤0𝑡𝑗𝑒𝐷𝑤0𝑢𝑛 + 𝑐𝑤2𝑒𝑚𝑤0𝑡𝑗𝑒−𝐷𝑤0𝑢𝑛 + 𝑐𝑤3𝑒𝑚𝑤0𝑡𝑗𝑐𝑜𝑠𝐷𝑤0𝑢𝑛

𝑁

𝑛=0

𝐽

𝑗=0

471 

+ 𝑐𝑤4𝑒𝑚𝑤0𝑡𝑗𝑠𝑖𝑛𝐷𝑤0𝑢𝑛 + 𝑐𝑤5𝑒−𝑚𝑤0𝑡𝑗𝑒𝐷𝑤0𝑢𝑛 + 𝑐𝑤6𝑒−𝑚𝑤0𝑡𝑗𝑒−𝐷𝑤0𝑢𝑛 472 

+ 𝑐𝑤7𝑒−𝑚𝑤0𝑡𝑗𝑐𝑜𝑠𝐷𝑤0𝑢𝑛 + 𝑐𝑤8𝑒−𝑚𝑤0𝑡𝑗𝑠𝑖𝑛𝐷𝑤0𝑢𝑛 − 𝑤𝑗,𝑛]
2
 473 

(𝑤 = 𝑥, 𝑦, 𝑧)               (12) 474 

In the above equation, 𝑐𝑤𝑖(𝑖 = 1,2, … ,8) are unknown constants, which can be 475 

optimised to minimise the squared error sum. To do this, we use the least-squares 476 

method, which leads to the following equation 477 
𝜕𝐸𝑤

𝜕𝑐𝑤𝑖

= 0         (𝑖 = 1, 2, … , 8) 478 

(𝑤 = 𝑥, 𝑦, 𝑧)                                (13) 479 

If we let, 480 
𝑓𝑤 = [𝑐𝑤1𝑒𝑚𝑤0𝑡𝑗𝑒𝐷𝑤0𝑢𝑛 + 𝑐𝑤2𝑒𝑚𝑤0𝑡𝑗𝑒−𝐷𝑤0𝑢𝑛 + 𝑐𝑤3𝑒𝑚𝑤0𝑡𝑗𝑐𝑜𝑠𝐷𝑤0𝑢𝑛 + 481 
𝑐𝑤4𝑒𝑚𝑤0𝑡𝑗𝑠𝑖𝑛𝐷𝑤0𝑢𝑛 + 𝑐𝑤5𝑒−𝑚𝑤0𝑡𝑗𝑒𝐷𝑤0𝑢𝑛 + 𝑐𝑤6𝑒−𝑚𝑤0𝑡𝑗𝑒−𝐷𝑤0𝑢𝑛 + 482 
𝑐𝑤7𝑒−𝑚𝑤0𝑡𝑗𝑐𝑜𝑠𝐷𝑤0𝑢𝑛 + 𝑐𝑤8𝑒−𝑚𝑤0𝑡𝑗𝑠𝑖𝑛𝐷𝑤0𝑢𝑛 − 𝑤𝑗,𝑛]  483 

(𝑤 = 𝑥, 𝑦, 𝑧)                                (14) 484 

     Eq. (12) becomes 485 

𝐸𝑤 = ∑ ∑(𝑓𝑤)2

𝑁

𝑛=0

𝐽

𝑗=0

 486 

(𝑤 = 𝑥, 𝑦, 𝑧)                                (15) 487 

and Eq. (13) is changed into: 488 

                                                                    
𝜕𝐸

𝜕𝑐𝑤𝑖

= 2 ∑ ∑ 𝑓𝑤

𝜕𝑓𝑤

𝜕𝑐𝑤𝑖

𝑁

𝑛=0

𝐽

𝑗=0

= 0        (𝑖 = 1, 2, … , 8) 489 

(𝑤 = 𝑥, 𝑦, 𝑧)                              (16) 490 

Equation (16) consists of eight linear equations, which can be solved to determine 491 

the eight unknown constants 𝑐𝑤𝑖  (𝑖 = 1, 2, … , 8) . Substituting the obtained eight un- 492 

known constants 𝑐𝑤𝑖 (𝑖 = 1, 2, … , 8) into Eq. (5), Eq. (5) becomes the mathematical expres- 493 

sions of the reconstructed curves at the (𝐽 + 1) keyframes. All the curves of 3D models 494 

described by Eq. (5) define the reconstructed 3D models.  495 

As discussed in Section 2, Bézier, B-splines and  NURBS surfaces are frequently 496 

used to reconstruct the 3D models that do not change their positions and shapes with 497 

time. In this paper, such a type of reconstruction is called static reconstruction.  In the fol- 498 

lowing section, we compare our proposed dynamic reconstruction with Bézier and B- 499 

spline static reconstruction.   500 

The mathematical equation of Bézier curves can be written as [49]: 501 
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𝑤(𝑢) = ∑
𝑘!

𝑖!(𝑘−𝑖)!

𝑘
𝑖=0 𝑢𝑖(1 − 𝑢)𝑘−𝑖𝑃𝑤𝑖          (𝑤 = 𝑥, 𝑦, 𝑧)                                 (17) 502 

Using Eq. (17) and the least squares method to reconstruct one curve defined by 503 

𝑤𝑗,𝑛 is to solve the following linear equations: 504 

𝜕𝐸

𝜕𝑃𝑤𝑚
=

𝜕

𝜕𝑃𝑤𝑚
∑ (∑

𝑘!

𝑖!(𝑘−𝑖)!

𝑘
𝑖=0 𝑢𝑖(1 − 𝑢)𝑘−𝑖𝑃𝑤𝑖 − 𝑤𝑗,𝑛)

2
𝑁
𝑛=0 = ∑ [2 (∑

𝑘!

𝑖!(𝑘−𝑖)!

𝑘
𝑖=0 𝑢𝑖(1 −𝑁

𝑛=0 505 

𝑢)𝑘−𝑖𝑃𝑤𝑖 − 𝑤𝑗,𝑛)
𝑘!

𝑚!(𝑘−𝑚)!
𝑢𝑚(1 − 𝑢)𝑘−𝑚] = 0  506 

         (𝑤 = 𝑥, 𝑦, 𝑧; 𝑗 = 0, 1, 2, … ;  𝑚 = 0, 1, 2, … , 𝑘)                                               (18) 507 

The mathematical equation of B-spline curves can be written as [50]: 508 

𝑤(𝑢) = ∑ 𝑁𝑖,𝑞(𝑢)𝑘
𝑖=0 𝑃𝑤𝑖          (𝑤 = 𝑥, 𝑦, 𝑧)                                 (19) 509 

where 510 

𝑁𝑖,𝑞(𝑢) = {
1 𝑢𝑖 ≤ 𝑢 ≤ 𝑢𝑖+1

0 otherwise       
                                                        (20) 511 

𝑁𝑖,𝑞(𝑢) =
𝑢−𝑢𝑖

𝑢𝑖+𝑞−𝑢𝑖
𝑁𝑖,𝑞−1(𝑢) +

𝑢𝑖+𝑞+1−𝑢

𝑢𝑖+𝑞+1−𝑢𝑖+1
𝑁𝑖+1,𝑞−1(𝑢)                              (21) 512 

Same as above, using Eq. (19) and the least squares method to reconstruct one 513 

curve defined by 𝑤𝑗,𝑛 is to solve the following linear equations: 514 

𝜕𝐸

𝜕𝑃𝑤𝑚
=

𝜕

𝜕𝑃𝑤𝑚
∑ (∑ 𝑁𝑖,𝑞(𝑢)𝑘

𝑖=0 𝑃𝑤𝑖 − 𝑤𝑗,𝑛)
2𝑁

𝑛=0 = ∑ [2(∑ 𝑁𝑖,𝑞(𝑢)𝑘
𝑖=0 𝑃𝑤𝑖 −𝑁

𝑛=0 515 

𝑤𝑗,𝑛)𝑁𝑚,𝑞(𝑢)] = 0  516 

         (𝑤 = 𝑥, 𝑦, 𝑧; 𝑗 = 0, 1, 2, … ;  𝑚 = 0, 1, 2, … , 𝑘)                                               (22) 517 

In the following section, we will use Eqs. (5), (17), and (19) to reconstruct the same 518 

curves. The computational errors and time will be compared among them to validate our 519 

proposed dynamic reconstruction method.  520 

5. Reconstruction of Dynamic 3D Models   521 

5.1. Comparison with Bézier and B-spline static representations 522 

In this section, we compare our proposed dynamic reconstruction method with Bé- 523 

zier and B-spline static reconstruction and give some examples to demonstrate the ca- 524 

pacity of the proposed method in reconstructing complicated curves and its advantage 525 

in greatly reducing design variables through comparing the reconstructed curves with 526 

the original points used in the reconstruction. After that, we give two examples of recon- 527 

structing a 3D horse model and an armadillo model with the proposed method.  528 

The proposed method is applicable to situations where the curves from two or 529 

more keyframes are used in Eq. (5) to determine the eight unknown constants for dy- 530 

namic curve reconstruction. In this paper, we consider the situation where only two 531 

curves, one from the first one and another from the second one of two keyframes, are 532 

used in Eq. (5) to determine the eight unknown constants for dynamic curve reconstruc- 533 

tion. For the comparison, two mathematical equations of Bézier curves defined in Eq. 534 

(17) and two mathematical equations of B-spline curves defined in Eq. (19) are used to 535 

reconstruct the same two curves.  536 

The first example reconstructs a closed curve and its open version at the 20th frame 537 

and the 100th frame with our proposed dynamic reconstruction and Bézier and B-spline 538 

static reconstruction. Our proposed dynamic reconstruction method reconstructs the 539 

two curves: one at the 20th frame and the other at the 100th frame, with eight vector- 540 

valued design variables involved in one of Eqs. (5)-(8). In order to make the comparison 541 
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fair, we use the same parametric values 𝑢𝑛 in our proposed dynamic reconstruction and 542 

Bézier and B-spline static reconstruction with four vector-valued design variables (coef- 543 

ficients), i. e., 𝑘 = 3 in Eqs. (17) and (19), leading to cubic Bézier and uniform cubic B- 544 

spline equations, to reconstruct each of the two curves. In total, eight design variables 545 

are involved in Bézier and B-spline static reconstruction. For the curve from the 20th 546 

keyframe, 𝑡𝑗 = 𝑡0 = 0 in Eq. (5). For the 100th  keyframe, 𝑡𝑗 = 𝑡𝐽 = 1 in the same equation. 547 

Two Bézier equations defined in Eq. (17) and two B-spline equations defined in Eq. (19) 548 

are used to reconstruct the curve at the 20th frame and the curve at the 100th frame, re- 549 

spectively. The average and maximum errors between the points on the original curves 550 

and the corresponding points on the reconstructed curves are calculated with the follow- 551 

ing equations: 552 

𝐸𝑎𝑗 =
1

𝑁 + 1
∑

𝑑𝑗𝑛

�̅�𝑗𝑛

𝑁

𝑛=0

 553 

𝐸𝑚𝑗 = 𝑚𝑎𝑥 {
𝑑𝑗0

�̅�𝑗0

𝑑𝑗1

�̅�𝑗1

⋯
𝑑𝑗𝑁

�̅�𝑗𝑁

𝑑𝑗𝑁

�̅�𝑗𝑁

} 554 

(𝑗 = 0, 1)                                                                   (23) 555 

where 556 

𝑑𝑗𝑛 = √[𝑓𝑥(𝑡𝑗 , 𝑢𝑛)]
2

+ [𝑓𝑦(𝑡𝑗 , 𝑢𝑛)]
2

+ [𝑓𝑧(𝑡𝑗, 𝑢𝑛)]
2
 557 

�̅�𝑗𝑛 = √𝑥𝑗,𝑛
2 + 𝑦

𝑗,𝑛
2+𝑧𝑗,𝑛

2 558 

(𝑗 = 0, 1)                                                             (24) 559 

and 𝑓𝑥(𝑡𝑗, 𝑢𝑛), 𝑓𝑦(𝑡𝑗, 𝑢𝑛), and 𝑓𝑧(𝑡𝑗, 𝑢𝑛) are determined by Eq. (14) for our proposed dy- 560 

namic reconstruction and the differences between the known 𝑤𝑗,𝑛 and the corresponding 561 

ones obtained from Eq. (17) for Bézier reconstruction and from Eq. (19) for B-spline re- 562 

construction . 563 

The original and reconstructed curves are shown in Figure 3 where the curves 564 

shown on the left of (a), (b), (c), (d), (e) and (f) are open curves, the curves shown on the 565 

right of (a), (b), (c), (d), (e) and (f) are closed curves, “PDE” stands for our proposed dy- 566 

namic reconstruction method. In the figure, (a) shows the original curves at the 20th 567 

frame and 100th frame, (b) is the reconstructed curves with our proposed dynamic recon- 568 

struction method, (c) gives the reconstructed curves with Bézier static reconstruction, (d) 569 

shows the reconstructed curves with B-spline static reconstruction, (e) depicts the origi- 570 

nal curves and reconstructed ones at the 20th frame with our proposed dynamic recon- 571 

struction method and Bézier and B-spline static reconstruction, and (f) indicates the orig- 572 

inal curves and reconstructed ones at the 100th frame with our proposed dynamic recon- 573 

struction method and Bézier and B-spline static reconstruction. The original curves de- 574 

picted in Figure 3(a) have complicated shapes. In spite of this, Figures 3(e)-(f) show the 575 

reconstructed curves with our proposed method approximate the original ones well. 576 

Figures 3(e)-(f) also show the reconstructed curves with our proposed method look the 577 

same as those reconstructed with Bézier and B-spline methods. In some local regions, 578 

they are slightly closer to the original curves than those reconstructed with B-spline and 579 

Bézier methods. Our proposed reconstruction method only involves eight vector-valued 580 

unknown constants, which are 5.7% of the design variables of the original curves. It in- 581 

dicates that the proposed method has a strong ability in reconstructing complicated 582 

open and closed curves with few design variables.   583 

 584 
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               585 
             (a) Original curves at 20th, 100th frames             (b) PDE reconstructed curves at 20th, 100th frames 586 

 587 

                             588 
   (c) B-spline reconstructed curves at 20th, 100th frames    (d) Bézier reconstructed curves at 20th, 100th frames 589 

 590 

                                                 (e) 591 

(e) Original, PDE, B-spline and Bézier curves at 20th frame    (f) Original, PDE, B-spline and Bézier curves at 100th frame 592 

Figure 3. Original and reconstructed curves with 71 points at 20th and 100th frames 593 

 594 

Table 2 gives a comparison of the number of design variables and average and max- 595 

imum errors among the original curves and the reconstructed curves with our proposed 596 

dynamic reconstruction and Bézier and B-spline static reconstruction. The table also 597 

compares the computational time (CPU) used in reconstructing the curves. In the table, 598 

OC and CC indicate open curves and closed curves, respectively, PM is the total number 599 

of points on the two curves obtained from the 20th and 100th  keyframes, PBB is the total 600 

number of vector-valued coefficients involved in Eq. (5) and the total number of vector- 601 

valued coefficients used to reconstruct the two curves at the 20th and 100th frames with 602 

Eqs. (17) and (19). 𝐸𝐴1 and 𝐸𝑚1 are the average error and maximum error between the origi- 603 

nal and reconstructed curves at the 20th keyframe, 𝐸𝐴2 and 𝐸𝑚2  are the average error and 604 
maximum error between the original and reconstructed curves at the 100th keyframe, 𝐸𝐴12 is 605 
the average value of the average errors at the 20th and 100th keyframes, 𝐸𝑚12 is the bigger one 606 
of the maximum errors at the 20th and 100th keyframes, and all the errors in the table are 607 

multiplied by 10−3. The average errors 𝐸𝐴1 and 𝐸𝐴2 and maximum errors 𝐸𝑚1 and 𝐸𝑚2 are 608 

determined by the first one and second one of Eq. (23), respectively. 609 

The data shown in Table 2 indicate that both average errors and maximum errors 610 

from our proposed dynamic reconstruction method are small and almost same as those 611 

from Bézier and B-spline static reconstruction except for the maximum error for the 612 

open curve. The results from Bézier and B-spline static reconstruction are the exactly 613 

same. For the open curve, the maximum error from our proposed method is 71.60692, 614 

which is smaller than the maximum error from Bézier and B-spline static reconstruction 615 

is 79.84222. The computational time of our proposed dynamic reconstruction method is 616 

about 2 times that of Bézier static reconstruction and 1.6-1.7 times that of B-spline static 617 

reconstruction.  618 

 619 

      Table 2. Design variables, errors (× 10−3), and computational time (CPU) for reconstruction shown in Figure 3 620 

Original Original 

PDE 
 

PDE 

B-spline, Bézier B-spline,Bézier 
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  PM PBB 𝐸𝐴1 𝐸𝐴2 𝐸𝐴12 𝐸𝑚1 𝐸𝑚2 𝐸𝑚12 CPU (ms) 

PDE OC 140 8 4.641821 3.811424 4.226623 71.60692 7.954821 71.60692 5.7532 

B-spline OC 140 8 4.631861 3.813969 4.222915 79.84222 7.796782 79.84222 3.3210 

Bézier OC 140 8 4.631861 3.813969 4.222915 79.84222 7.796782 79.84222 2.8257 

PDE CC 142 8 4.624602 3.810121 4.217362 71.00726 7.620819 71.00726 5.8322 

B-spline CC 142 8 4.615302 3.811597 4.213450 71.01385 7.470214 71.01385 3.5928 

Bézier CC 142 8 4.615302 3.811597 4.213450 71.01385 7.470214 71.01385 2.9644 

 621 

               622 
                   (a) Original curves at 37th, 38th frames          (b) PDE reconstructed curves at 37th, 38th frames 623 

             624 
 625 

   (c) B-spline reconstructed curves at 37th, 38th frames        (d) Bézier reconstructed curves at 37th, 38th frames 626 

 627 

                 628 
 629 

(e) Original, PDE, B-Spline and Bézier curves at 37th frame    (f) Original, PDE, B-Spline and Bézier curves at 38th frame 630 

    Figure 4. Original and reconstructed curves with 67 points at 37th and 38th frames 631 

 632 

The curve at the 20th frame and the corresponding curve at the 100th frame used in 633 

the above reconstruction are far away. In spite of this, our proposed dynamic reconstruc- 634 

tion method still gives good reconstruction accuracy. When the two frames are closer, 635 

the errors can be significantly reduced. Here, we use two adjacent frames shown in Fig- 636 

ure 4 to demonstrate this. The two adjacent frames used in this example are the 37th and 637 

38th. The obtained results are given in Figure 4, which are organised in the same way as 638 

Figure 3. Figures 4(e) and 4(f) also clearly show that the reconstructed curves from our 639 

 

PDE 

B-spline, Bézier 

 

Original 

 

Original 

PDE 
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proposed dynamic reconstruction and Bézier and B-spline static reconstruction are very 640 

close to the original curves.   641 

The average and maximum errors caused by our proposed dynamic reconstruction 642 

and Bézier and B-spline static reconstruction are given in Table 3. In the table, all the er- 643 

rors are multiplied by 10−4. The average errors caused by our proposed dynamic recon- 644 

struction are very small and slightly larger than those caused by Bézier and B-spline 645 

static reconstruction. The maximum errors of our proposed dynamic reconstruction are 646 

much smaller than those of Bézier and B-spline static reconstruction, i. e., 647 

8.077028 ~ 8.422275 against 80.48240 ~ 80.73569 and 18.39898 ~ 19.07610 against 648 

80.82564~81.08065. Once again, the computational time of our proposed method is high- 649 

er than Bézier and B-spline static reconstruction, i. e., 1.9-2.01 times that of Bézier static 650 

reconstruction and 1.77-1.94 times that of B-spline static reconstruction.  651 

 652 

      Table 3. Design variables, errors (× 10−4), and computational time (CPU) for reconstruction shown in Figure 4 653 

  PM PBB 𝑬𝑨𝟏 𝑬𝑨𝟐 𝑬𝑨𝟏𝟐 𝑬𝒎𝟏 𝑬𝒎𝟐 𝑬𝒎𝟏𝟐 CPU (ms) 

PDE OC 132 8 2.638812 3.142145 2.890479 8.422275 19.07610 19.07610 5.4184 

B-spline OC 132 8 2.172167 2.181193 2.176680 80.48240 80.82564 80.48240 3.0592 

Bézier OC 132 8 2.172167 2.181193 2.176680 80.48240 8.082564 80.48240 2.6934 

PDE CC 134 8 2.632932 3.169087 2.901010 8.077028 18.39898 18.39898 5.4873 

B-spline CC 134 8 2.186633 2.195735 2.191184 80.73569 81.08065 81.08065 3.1072 

Bézier CC 134 8 2.186633 2.195735 2.191184 80.73569 81.08065 81.08065 2.8346 

 654 

The above discussions indicate that the errors caused by our proposed dynamic re- 655 

construction method are almost as small as those caused by Bézier and B-spline static re- 656 

construction. Bézier and B-spline static reconstruction do not involve the time variable in 657 

the reconstruction functions and are not applicable to dynamic and time-dependent re- 658 

construction. In contrast, our proposed method can effectively tackle this problem.  659 

Finally, we give two examples of reconstructing dynamic 3D models with our pro- 660 

posed dynamic reconstruction and B-spline static reconstruction. Except that Bézier static 661 

reconstruction is slightly faster than B-spline static reconstruction, Bézier static recon- 662 

struction gives the exactly results as B-spline static reconstruction. Due to this reason, Bé- 663 

zier static reconstruction will not be considered in the following examples.  664 

The first example is to reconstruct deformed shapes of a horse model at different 665 

keyframes obtained from the simulations of position-based dynamics. To this aim, the 666 

curves to be reconstructed are first extracted from undeformed polygon models. As 667 

shown in Figure 5, the curves to be reconstructed shown in (b) are extracted from the 668 

undeformed polygon horse model in (a). The original horse model has 15,389 vertices 669 

and 30,710 faces. Since each vertex has three components 𝑥, 𝑦 and 𝑧, the original horse 670 

model has 46,167 design variables in total. 593 curves have been extracted to represent 671 

the horse model, and 4,744 vector-value coefficients involved in Eq. (5) are used to define 672 

the 593 curves at two different keyframes. Since each vector-valued coefficient has three 673 

components 𝑥, 𝑦 and 𝑧, the proposed method uses in total 14,232 unknown constants (de- 674 

sign variables) to reconstruct the horse model at two different keyframes. Although the 675 

593 curves are manually extracted, and the number of points on each of the extracted 676 

curves has not been optimised to reduce the number of the extracted curves and accord- 677 

ingly decrease the number of the unknown constants, the extracted curves still reduce 678 

more than two-thirds of the design variables of the polygon horse model. 679 

 680 
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                    681 
(a)                                                                                 (b) 682 

Figure 5. Undeformed horse model and extracted curves. (a) polygon horse model, (b) extracted curves. 683 

 684 
Figure 6. Original deformed shapes and reconstructed shapes of a horse model at keyframes 1, 20, 30, 40, 50, 60, 70, 685 

80, 90 and 100.  686 

 687 

Figure 6 shows the original deformed models and the reconstructed ones with our 688 

proposed method and B-spline method. In the figure, “PDE model” is obtained from our 689 

proposed dynamic reconstruction, “B-spline model” is obtained with B-spline static re- 690 

construction, the images in the first and fourth rows are the original deformed models 691 

obtained with PBD simulations, while those in the second and fifth rows are reconstruct- 692 

ed by our proposed dynamic reconstruction and the ones in the third row and sixth row 693 

are reconstructed with B-spline static reconstruction. Comparing the original models in 694 

the first and fourth rows to the reconstructed models with our proposed dynamic recon- 695 

struction in the second and fifth rows and B-spline static reconstruction in the third and 696 

sixth rows, we could not find any visible differences. We have also calculated the average 697 

and maximum errors between the reconstructed models obtained with the two methods 698 

and the original deformed models. The average error and maximum error of using our 699 
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proposed method to reconstruct the first and tenth frames are 6.1746 × 10−4  and 700 

4.672209 × 10−2, and the average error and maximum error of using B-spline method to 701 

reconstruct these two frames are 5.321225 × 10−4 and 5.191078 × 10−2. These data also 702 

indicate that our proposed method and B-spline have almost same reconstruction accu- 703 

racy. The average errors from our proposed method and B-spline method are small as 704 

they are three to four orders of magnitude lower than the differences between the maxi- 705 

mum and minimum 𝑥, 𝑦 and 𝑧 coordinates. It indicates that the proposed method has 706 

good reconstruction accuracy. 707 

We have calculated the CPU time of using PBD to obtain the deformed shapes at 100 708 

keyframes. In total, 6,420 milliseconds were required in the PBD simulation. In contrast, 709 

our proposed method takes 1,827 milliseconds to reconstruct the deformed shapes at two 710 

keyframes and generate 98 new deformed shapes between the two keyframes by setting 711 

the time variable 𝑡  in Eq. (5) to 98 different values. Clearly, using our proposed dynamic 712 

reconstruction to replace PBD simulations at some keyframes can reduce the time of PBD 713 

simulations.  714 

The second example is to reconstruct deformed shapes of an armadillo polygon 715 

model at different keyframes obtained from the simulations of position-based dynamics. 716 

The original armadillo model has 5,182 vertices and 5,180 faces, leading to 5,182 vector- 717 

valued design variables. In total, 196 curves were extracted to represent the armadillo 718 

model, and 1,568 vector-value coefficients involved in Eq. (5) are used to define the 196 719 

curves at two different keyframes. Once again, our proposed method reduces the vector- 720 

valued design variables of the armadillo polygon model by more than two-thirds. 721 
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 722 

 723 
Figure 7. Original deformed shapes and reconstructed shapes of an armadillo model at keyframes 1, 20, 30, 40, 50, 724 

60, 70, 80, 90 and 100.  725 

 726 

Figure 7 shows the original deformed shapes of the armadillo polygon model and 727 

the reconstructed ones with our proposed method and B-spline method. Comparing the 728 

original deformed shapes and those reconstructed with our method and B-spline method, 729 

we could not find any visible differences. This example also indicates that our proposed 730 

method has good reconstruction accuracy. 731 

5.2. Limitations of this work 732 

 733 
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There are some limitations to the method proposed in this paper. Here, we identify 734 

these limitations. In the following section, we discuss how to tackle these limitations . 735 

The first limitation is that the extracted curves are not optimal. In this paper, the 736 

curves used to represent the horse model were manually extracted without any optimi- 737 

zation. This has two problems. The first one is that some curves may have too few verti- 738 

ces, and others may have too many vertices. Too few vertices cannot maximize the po- 739 

tential of the proposed approach in reducing design variables. Too many vertices may 740 

lead to large errors. The second one is that manually extracted curves are not proper in 741 

demonstrating the advantage of the proposed approach in reducing design variables 742 

since it cannot automatically increase or decrease the number of points on a curve ac- 743 

cording to a given reconstruction error.  744 

The second limitation is that the number and position of the keyframes have not 745 

been optimized. In this paper, only the models from two keyframes are reconstructed. 746 

How many keyframes and which keyframes are optimal for reconstruction have not 747 

been investigated.  748 

The third limitation is that reconstructing dynamic 3D models subjected to a given 749 

error threshold has not been examined. As it can be observed from Figures 3-4 and the 750 

data in Table 2 and Table 3, there are some reconstruction errors, which may not meet the 751 

requirements of some applications where high accuracy is essential.    752 

6. Conclusions and Future Work 753 

In this paper, we have developed a new method to reconstruct dynamic 3D models 754 

obtained from the position-based dynamics simulation. We have integrated the govern- 755 

ing equation describing bending deformations of elastic beams and Newton’s second 756 

law describing object motion to develop the mathematical model for reconstruction of 757 

dynamic 3D models, used separation of variables to obtain the closed-form solution of 758 

the mathematical model, and applied the obtained closed-form solution to generate re- 759 

constructed 3D models at different frames. We have also compared the reconstructed 760 

curves to the original polygon vertices and those reconstructed with Bézier and B-spline 761 

static reconstruction, and the reconstructed models with our method and B-spline meth- 762 

od to the original deformed models at different keyframes. These comparisons demon- 763 

strate that the proposed method has good reconstruction accuracy and a small data size. 764 

The work presented in this paper only used the closed-form solution of the pro- 765 

posed mathematical model to reconstruct deformed models at different keyframes ob- 766 

tained from the simulation of position based dynamics. However, the proposed method 767 

can also be used to create new deformed models at new frames by setting the time vari- 768 

able 𝑡 to different values between 0 ≤ 𝑡 ≤ 1, which have not been generated with posi- 769 

tion based dynamics. With such applications, many keyframes simulated with position- 770 

based dynamics can be replaced with the dynamic ODE-based simulation to reduce the 771 

computational time spent on the simulation with position-based dynamics. We will in- 772 

vestigate this in our following work. 773 

Secondly, we will investigate an automatic and optimal curve extraction method. 774 

With this method, a curve reconstruction maximum error 𝐸𝑚𝑎𝑥 is first specified. Subject- 775 

ed to the limitation of 𝐸𝑚𝑎𝑥 , the vertices for one curve are automatically identified, and 776 

the reconstruction error 𝐸𝑟𝑒𝑐  is calculated and compared with 𝐸𝑚𝑎𝑥. If 𝐸𝑟𝑒𝑐  is less than 777 

𝐸𝑚𝑎𝑥 , more vertices are added to the curve. If 𝐸𝑟𝑒𝑐  is larger than 𝐸𝑚𝑎𝑥, some vertices on 778 

the curve are removed. The process is repeated until 𝐸𝑟𝑒𝑐  is not larger than 𝐸𝑚𝑎𝑥 . 779 

Thirdly, we will develop an optimization method to obtain the optimal number of 780 

keyframes used in the reconstruction and decide which keyframes should be selected for 781 

reconstruction. In doing so, PDE-based dynamic deformations are combined with the 782 

simulation of position-based dynamics to reduce the keyframes for reconstruction and 783 

raise the computational efficiency of position-based dynamics while keeping the same 784 

simulation accuracy. 785 
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Fourthly, we will propose two approaches to tackle the problem of reconstructing 786 

dynamic 3D models subjected to a given error threshold. One approach is to divide one 787 

curve into two or more curves to reduce reconstruction errors until a given error thresh- 788 

old is reached, and the other approach is to add more terms to Eqs. (5)-(8) through 789 

changing 𝑚𝑤0 , 𝐷𝑤0 , and 𝐷𝑤1  into 𝑚𝑤𝑘 , 𝐷𝑤𝑘 , and 𝐷𝑤𝑘  (𝑘 = 1, 2, 3, …) to satisfy the re- 790 

quirement of a given error threshold.      791 
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If we use 𝑥, 𝑦, 𝑧 to indicate the deformations in the 𝑥, 𝑦 and 𝑧 directions, 𝑎𝑥, 𝑎𝑦, 𝑎𝑧 to in- 900 

dicate the three components of the acceleration, and use 𝑢 to indicate the parametric di- 901 

rection of a beam, Eq. (3) becomes: 902 

                                                             𝑚𝑎𝑥 = 𝐸𝐼
𝑑4𝑥

𝑑𝑢4

                                                                                                                                        𝑚𝑎𝑦 = 𝐸𝐼
𝑑4𝑦

𝑑𝑢4
                                                                (A1)

                                                             𝑚𝑎𝑧 = 𝐸𝐼
𝑑4𝑧

𝑑𝑢4

 903 

If we let 𝑤 = 𝑥, 𝑦, 𝑧, and 𝐷 = 𝐸𝐼, the above three equations can be written as the 904 

following equation: 905 

𝑚𝑎𝑤 = 𝐷
𝑑4𝑤

𝑑𝑢4
                         (𝑤 = 𝑥, 𝑦, 𝑧)                  (A2) 906 

Acceleration components 𝑎𝑤  (𝑤 = 𝑥, 𝑦, 𝑧)  are the derivatives of velocity compo- 907 

nents 𝑣𝑤 (𝑤 = 𝑥, 𝑦, 𝑧) with respect to the time variable 𝑡, which are the derivatives of the 908 

position components 𝑤 = 𝑥, 𝑦, 𝑧  with respect to the time variable 𝑡, i. e.,   909 

                                                                                                                           𝑎𝑤 =
𝑑2𝑤

𝑑𝑡2
        (𝑤 = 𝑥, 𝑦, 𝑧)                                                      (A3) 910 

where 𝑡 is a time variable. 911 

Introducing Eq. (A2) into Eq. (A1), we obtain the following PDE as the mathemati- 912 

cal model for the reconstruction of dynamic 3D models. 913 

                                                                                                                       𝑚
𝜕2𝑤

𝜕𝑡2
= 𝐷

𝜕4𝑤

𝜕𝑢4
           (𝑤 = 𝑥, 𝑦, 𝑧)                                           (A4)  914 

       Appendix B. Closed-form solutions to the PDE (4) 915 

With the method of separation of variables , the solution to Eq. (4) can be taken as the fol- 916 

lowing form: 917 

𝑤(𝑢, 𝑡) = 𝑤1(𝑢) ∙ 𝑤2(𝑡)          (𝑤 = 𝑥, 𝑦, 𝑧)        (B1) 918 

Substituting the second partial derivative of 𝑤 with respect to the time variable 𝑡 919 

and the fourth partial derivative of 𝑤 with respect to the parametric variable 𝑢 into Eq. 920 

(B1), we obtain  921 

    𝑚
𝑤2

′′(𝑡)

𝑤2(𝑡)
= 𝐷

𝑤1
′′′′(𝑢)

𝑤1(𝑢)
       (𝑤 = 𝑥, 𝑦, 𝑧)    (B2) 922 

Since 𝑤2 is the function of the time variable 𝑡 and 𝑤1 is the parametric variable 𝑢, 923 

making the above equation hold requires that both the left-hand side term and the right- 924 

hand side term is a same constant, i. e.,    925 

  𝑚
𝑤2

′′(𝑡)

𝑤2(𝑡)
= 𝐷

𝑤1
′′′′(𝑢)

𝑤1(𝑢)
= 𝑐𝑤0       (𝑤 = 𝑥, 𝑦, 𝑧)    (B3) 926 

where 𝑐𝑤0 is a non-zero constant. 927 

 The above equation (B3) can be written as the following two equations: 928 

𝑚𝑤2
′′(𝑡) − 𝑐𝑤0𝑤2(𝑡) = 0              (𝑤 = 𝑥, 𝑦, 𝑧)   (B4) 929 

𝐷𝑤1
′′′′(𝑢) − 𝑐𝑤0𝑤1(𝑢) = 0              (𝑤 = 𝑥, 𝑦, 𝑧)   (B5) 930 

Substituting 𝑤2(𝑡) = 𝑒𝑟𝑡  into Eq. (B4) and deleting 𝑒𝑟𝑡 , we obtain the following 931 

characteristic equation: 932 

𝑚𝑟2 − 𝑐𝑤0 = 0     (B6) 933 

If 𝑐𝑤0 𝑚⁄  is positive, i. e., 𝑐𝑤0 𝑚⁄ > 0, we obtain the two real roots below from the 934 

equation (B6).  935 

   𝑟1,2 = ±√
𝑐𝑤0

𝑚
                       (B7) 936 

In order to simplify the mathematical notation, we use 𝑚𝑤0 to denote √|𝑐𝑤0 𝑚⁄ | , i. 937 

e., 𝑚𝑤0 = √|𝑐𝑤0 𝑚⁄ | where |∙| indicates the absolute value, and rewrite the two real roots 938 

as: 939 

 𝑟1 = 𝑚𝑤0,     𝑟2 = −𝑚𝑤0     (B8) 940 
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With the obtained two real roots, the closed-form solution to the ODE (B4) is:  941 

𝑤2(𝑡) = 𝑐𝑤1
∗ 𝑒𝑚𝑤0𝑡 + 𝑐𝑤2

∗ 𝑒−𝑚𝑤0𝑡    (B9) 942 

If 𝑐𝑤0 𝑚⁄  is negative, i. e., 𝑐𝑤0 𝑚⁄ < 0, we obtain the two complex roots below from 943 

the above equation (13).  944 

𝑟1 = 𝑖𝑚𝑤0,     𝑟2 = −𝑖𝑚𝑤0    (B10) 945 

where 𝑖 is an imaginary number. 946 

With the obtained two complex roots, the closed-form solution to the ODE (B4) is:  947 

𝑤2(𝑡) = 𝑐𝑤1
∗ 𝑐𝑜𝑠𝑚𝑤0𝑡 + 𝑐𝑤2

∗ 𝑠𝑖𝑛𝑚𝑤0𝑡      (𝑤 = 𝑥, 𝑦, 𝑧)  (B11) 948 

Substituting 𝑤1(𝑢) = 𝑒𝑟𝑢 into (B5), deleting 𝑒𝑟𝑢, and solving the obtained character- 949 

istic equation, we obtain  950 

               𝑟4 =
𝑐𝑤0

𝐷
          (B12) 951 

If 𝑐𝑤0 𝐷⁄  is positive, i. e., 𝑐𝑤0 𝐷⁄ > 0, we obtain the four roots below from the above 952 

equation (B12).  953 

𝑟3 = 𝐷𝑤0,     𝑟4 = −𝐷𝑤0,        𝑟5 = 𝑖𝐷𝑤0,       𝑟6 = −𝑖𝐷𝑤0                  (B13) 954 

where 𝐷𝑤0 = √|𝑐𝑤0 𝐷⁄ |4 . 955 

With the obtained four roots in Eq. (B13), the closed-form solution to the ODE (B5) 956 

is obtained as:  957 
                                                                𝑤1(𝑢) = 𝑐𝑤3

∗ 𝑒𝐷𝑤0𝑢 + 𝑐𝑤4
∗ 𝑒−𝐷𝑤0𝑢 + 𝑐𝑤5

∗ 𝑐𝑜𝑠𝐷𝑤0𝑢 + 𝑐𝑤6
∗ 𝑠𝑖𝑛𝐷𝑤0𝑢       (𝑤 = 𝑥, 𝑦, 𝑧)             (B14) 958 

If 𝑐𝑤0 𝐷⁄  is negative, i. e., 𝑐𝑤0 𝐷⁄ < 0, we obtain the following four roots Eq. (B12):  959 

           𝑟3,4 = √2(1 + 𝑖)𝐷𝑤0/2 ,     𝑟5,6 = −√2(1 + 𝑖)𝐷𝑤0/2,               (B15) 960 

If we let 𝐷𝑤1 = √2𝐷𝑤0/2 , the closed-form solution to the ODE (B5) is: 961 
                                                  𝑤1(𝑢) = 𝑒𝐷𝑤1𝑢(𝑐𝑤3

∗ 𝑐𝑜𝑠𝐷𝑤1𝑢 + 𝑐𝑤4
∗ 𝑠𝑖𝑛𝐷𝑤1𝑢) + 𝑒−𝐷𝑤1𝑢(𝑐𝑤5

∗ 𝑐𝑜𝑠𝐷𝑤1𝑢 + 𝑐𝑤6
∗ 𝑠𝑖𝑛𝐷𝑤1𝑢)

                                                                                                     (𝑤 = 𝑥, 𝑦, 𝑧)                                                                                                     (B16)
 962 

Introducing 𝑤2(𝑡) from Eq. (B9) and 𝑤1(𝑢) from Eq. (B14) into Eq. (B1) and com- 963 

pleting the multiplication operations, we obtain the following closed-form solution to the 964 

PDE (4) for the case 𝑐𝑤0 𝑚⁄ > 0 and 𝑐𝑤0 𝐷⁄ > 0:  965 
𝑤(𝑢, 𝑡) = 𝑐𝑤1𝑒𝑚𝑤0𝑡𝑒𝐷𝑤0𝑢 + 𝑐𝑤2𝑒𝑚𝑤0𝑡𝑒−𝐷𝑤0𝑢 + 𝑐𝑤3𝑒𝑚𝑤0𝑡𝑐𝑜𝑠𝐷𝑤0𝑢 + 𝑐𝑤4𝑒𝑚𝑤0𝑡𝑠𝑖𝑛𝐷𝑤0𝑢 966 

+ 𝑐𝑤5𝑒−𝑚𝑤0𝑡𝑒𝐷𝑤0𝑢 + 𝑐𝑤6𝑒−𝑚𝑤0𝑡𝑒−𝐷𝑤0𝑢 + 𝑐𝑤7𝑒−𝑚𝑤0𝑡𝑐𝑜𝑠𝐷𝑤0𝑢 967 

+ 𝑐𝑤8𝑒−𝑚𝑤0𝑡𝑠𝑖𝑛𝐷𝑤0𝑢 968 

(𝑤 = 𝑥, 𝑦, 𝑧)                                                           (B17) 969 

Introducing 𝑤2(𝑡) from Eq. (B9) and 𝑤1(𝑢) from Eq. (B16) into Eq. (B1) and com- 970 

pleting the multiplication operations, we obtain the following closed-form solution to the 971 

PDE (4) for the case 𝑐𝑤0 𝑚⁄ > 0 and 𝑐𝑤0 𝐷⁄ < 0:  972 
𝑤(𝑢, 𝑡) = 𝑐𝑤1𝑒𝑚𝑤0𝑡𝑒𝐷𝑤1𝑢𝑐𝑜𝑠𝐷𝑤1𝑢 + 𝑐𝑤2𝑒𝑚𝑤0𝑡𝑒𝐷𝑤1𝑢𝑠𝑖𝑛𝐷𝑤1𝑢 + 𝑐𝑤3𝑒𝑚𝑤0𝑡𝑒−𝐷𝑤1𝑢𝑐𝑜𝑠𝐷𝑤1𝑢 973 

+ 𝑐𝑤4𝑒𝑚𝑤0𝑡𝑒−𝐷𝑤1𝑢𝑠𝑖𝑛𝐷𝑤1𝑢 + 𝑐𝑤5𝑒−𝑚𝑤0𝑡𝑒𝐷𝑤1𝑢𝑐𝑜𝑠𝐷𝑤1𝑢 974 

+ 𝑐𝑤6𝑒−𝑚𝑤0𝑡𝑒𝐷𝑤1𝑢𝑠𝑖𝑛𝐷𝑤1𝑢 + 𝑐𝑤7𝑒−𝑚𝑤0𝑡𝑒−𝐷𝑤1𝑢𝑐𝑜𝑠𝐷𝑤1𝑢 975 

+ 𝑐𝑤8𝑒−𝑚𝑤0𝑡𝑒−𝐷𝑤1𝑢𝑠𝑖𝑛𝐷𝑤1𝑢 976 

(𝑤 = 𝑥, 𝑦, 𝑧)       (B18) 977 

Introducing 𝑤2(𝑡) from Eq. (B11) and 𝑤1(𝑢) from Eq. (B14) into Eq. (B1) and com- 978 

pleting the multiplication operations, we obtain the following closed-form solution to the 979 

PDE (4) for the case 𝑐𝑤0 𝑚⁄ < 0 and 𝑐𝑤0 𝐷⁄ > 0:  980 
𝑤(𝑢, 𝑡) = 𝑐𝑤1cos (𝑚𝑤0𝑡)𝑒𝐷𝑤0𝑢 + 𝑐𝑤2𝑐𝑜𝑠(𝑚𝑤0𝑡)𝑒−𝐷𝑤0𝑢 + 𝑐𝑤3𝑐𝑜𝑠(𝑚𝑤0𝑡)𝑐𝑜𝑠(𝐷𝑤0𝑢) 981 

+ 𝑐𝑤4cos (𝑚𝑤0𝑡)sin (𝐷𝑤0𝑢) + 𝑐𝑤5𝑠𝑖𝑛(𝑚𝑤0𝑡)𝑒𝐷𝑤0𝑢 + 𝑐𝑤6𝑠𝑖𝑛(𝑚𝑤0𝑡)𝑒−𝐷𝑤0𝑢 982 

+ 𝑐𝑤7sin (𝑚𝑤0𝑡)cos (𝐷𝑤0𝑢) + 𝑐𝑤8𝑠𝑖𝑛(𝑚𝑤0𝑡)𝑠𝑖𝑛(𝐷𝑤0𝑢) 983 

(𝑤 = 𝑥, 𝑦, 𝑧)     (B19) 984 

Introducing 𝑤2(𝑡) from Eq. (B11) and 𝑤1(𝑢) from Eq. (B16) into Eq. (B1) and com- 985 

pleting the multiplication operations, we obtain the following closed-form solution to the 986 

PDE (4) for the case 𝑐𝑤0 𝑚⁄ < 0 and 𝑐𝑤0 𝐷⁄ < 0:  987 
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𝑤(𝑢, 𝑡) = 𝑐𝑤1cos (𝑚𝑤0𝑡)𝑒𝐷𝑤1𝑢𝑐𝑜𝑠𝐷𝑤1𝑢 + 𝑐𝑤2𝑐𝑜𝑠(𝑚𝑤0𝑡)𝑒𝐷𝑤1𝑢𝑠𝑖𝑛𝐷𝑤1𝑢 988 

+ 𝑐𝑤3𝑐𝑜𝑠(𝑚𝑤0𝑡)𝑒−𝐷𝑤1𝑢𝑐𝑜𝑠𝐷𝑤1𝑢 + 𝑐𝑤4cos (𝑚𝑤0𝑡)𝑒−𝐷𝑤1𝑢sin (𝐷𝑤1𝑢) 989 

+ 𝑐𝑤5𝑠𝑖𝑛(𝑚𝑤0𝑡)𝑒𝐷𝑤1𝑢𝑐𝑜𝑠𝐷𝑤1𝑢 + 𝑐𝑤6𝑠𝑖𝑛(𝑚𝑤0𝑡)𝑒𝐷𝑤1𝑢𝑠𝑖𝑛𝐷𝑤1𝑢 990 

+ 𝑐𝑤7sin (𝑚𝑤0𝑡)𝑒−𝐷𝑤1𝑢cos (𝐷𝑤1𝑢) + 𝑐𝑤8𝑠𝑖𝑛(𝑚𝑤0𝑡)𝑒−𝐷𝑤1𝑢sin (𝐷𝑤1𝑢) 991 

(𝑤 = 𝑥, 𝑦, 𝑧)      (B20) 992 

 993 


